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AAABSTRACTBSTRACTBSTRACT   

This compilation of studies delves into the 

intricate relationships between intuitionistic 

fuzzy logic, rough sets, topological structures, 

and algebraic properties, offering a broad 

spectrum of insights and applications. 

Beginning with foundational investigations, it 

is established that every classical topological 

space can be interpreted as an intuitionistic 

topological space, generalizing classical 

topology. The examination of separation 

axioms and hereditary properties enhances 

this understanding. Further, intuitionistic 

fuzzy sets and their topological constructs, 

such as lower and upper approximations, are 

linked to intuitionistic fuzzy approximation 

spaces, uncovering conditions under which 

such spaces induce fuzzy topologies. Algebraic 

contributions include characterizations of 

fundamental groups in intuitionistic fuzzy 

topological spaces (IFTSs), conditions for 

subgroup formation, and structural insights 

into quotient and centralizer groups. 

Extending to metric spaces, concepts such as 

pre-compactness, topological completeness, 

and normed structures are formalized, with 

implications for the completeness of finite-

dimensional spaces. The space of intuitionistic 

fuzzy values (IFVs) is analyzed through novel 

linear orderings, leading to the introduction of 

a strong negation operator and revealing the 

IFV space as a complete lattice and Kleene 

algebra. Topological investigations of IFVs 

highlight compactness and connectivity, 

advancing solutions to longstanding open 

problems. In machine learning and 

cybernetics, intuitionistic fuzzy rough sets 

extend classical rough set theory, enabling 

their application to classification tasks. This 

intersection of algebra, topology, and fuzzy 

logic fosters the development of robust 

mathematical frameworks with practical utility 

in pattern recognition and beyond. 

Keywords:— IntuitionisticTopological Spaces, 

fuzzy topology, Intuitionistic Fuzzy 

Topological Spaces 

I. II. II. INTRODUCTIONNTRODUCTIONNTRODUCTION   

Intuitionistic Topological Spaces (ITS) are 

a generalization of classical topological 

spaces, constructed within the framework of 

intuitionistic logic, which emphasizes 

constructivism and rejects the classical law 

of excluded middle (P∨¬ P). Unlike 

classical topology, which defines open sets 

using Boolean logic, ITS defines open sets 

through constructive criteria, requiring 

verifiable membership for points. Formally, 

an ITS is a pair (X, τ), where X is a set and 

τ is a family of subsets of X satisfying 

axioms similar to classical topology—

containing the empty set and the whole 

space, closed under finite intersections, and 

arbitrary unions—but interpreted under 

intuitionistic logic. This constructive 

approach enables ITS to model spaces 

where proofs of properties or the existence 
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of elements must be explicit. ITS are 

closely related to locales, an abstraction of 

topological spaces, and are often employed 

in constructive mathematics, computer 

science, and theoretical logic to study 

concepts like continuity and compactness 

without relying on non-constructive 

principles. Examples include the discrete 

intuitionistic topology, where all subsets are 

open, and co-discrete topology, where only 

trivial subsets are open. Applications of ITS 

extend to denotational semantics in 

computer science, constructive analysis, 

and category theory, providing a robust 

framework for studying spaces in contexts 

where classical assumptions, such as the 

excluded middle or axiom of choice, are not 

valid. While ITS generalize classical 

topology, they also introduce unique 

challenges, such as developing intuitionistic 

analogs for classical concepts and applying 

them to physical or geometric models. Their 

philosophical foundation in constructivism 

makes them particularly valuable in fields 

that prioritize proof and verification, 

offering insights into the nature of space 

and continuity under constructive 

paradigms. This synthesis of topology and 

intuitionistic logic not only broadens the 

scope of topological studies but also 

enriches the mathematical tools available 

for formal systems, ultimately providing a 

deeper understanding of the interplay 

between logic, geometry, and computation.  

II. PII. PII. PERSPECTIVESERSPECTIVESERSPECTIVES   ONONON   IIINTUITIONISTICNTUITIONISTICNTUITIONISTIC   

TTTOPOLOGICALOPOLOGICALOPOLOGICAL   SSSPACESPACESPACES   

AProva, Tamanna Tasnim, and Md 

Sahadat Hossain. laba, Berhanu Assaye 

[1] has explored that every classical 

topological space can also be viewed as an 

intuitionistic topological space, though the 

reverse is not generally true. This 

perspective introduces a new generalization 

of classical topology. Additionally, using 

the concepts of separation axioms (T0, T1, 

T2) within the framework of intuitionistic 

sets, the relationships among these axioms 

are examined. The hereditary and 

topological properties of intuitionistic 

topological spaces are also investigated. 

Finally, it is demonstrated that under certain 

conditions, intuitionistic topological spaces 

preserve images and homeomorphic images. 

Haque, Md Dalim, Nasima Akhter, and 

Md Masum Murshed. [2] havebuild on the 

definition and properties of intuitionistic 

topological spaces to demonstrate that the 

intersection of two intuitionistic topologies 

is itself an intuitionistic topology, whereas 

their union may not satisfy the same 

condition. They define the concepts of 

intuitionistic accumulation points and 

intuitionistic derived sets for intuitionistic 

sets. Subsequently, they prove that if A⊂B, 

then A′⊂B′, where A′and B′ represent the 

intuitionistic derived sets of A and B, 

respectively. Additionally, we establish that 

(A∪B)′=A′∪B′. The core contribution of 

this paper is the introduction of the 

intuitionistic subspace topology and an 

exploration of its properties. 

Sayed, Osama Rashed, Nabil Hasan Sayed, 

and Gui-Xiu Chen,[3] provided a 

characterization of intuitionistic fuzzy sets, 

interval-valued intuitionistic fuzzy sets, and 

their corresponding set operations. Using 

these characterizations, the relationships 

between interval-valued intuitionistic fuzzy 

topology and four associated fuzzy 

topologies are analyzed. To support this 

analysis, certain subclasses of interval-

valued intuitionistic fuzzy topologies, 

termed pre-suitable and suitable, are 

introduced. Additionally, the concepts of 

homeomorphism functions and compactness 

within the framework of interval-valued 

intuitionistic fuzzy topological spaces are 

defined and explored. 

Kawai, Tatsuji. [4] revisited intuitionistic 

real numbers through the lens of point-free 

topology. By analyzing the intuitionistic 
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representation of real numbers via the 

ternary spread, we derive a unique 

representation called a regular ideal. The 

concept of a regular ideal is inherently 

geometric, giving rise to an associated 

formal space of regular ideals, which offers 

a new perspective on point-free real 

numbers. As applications of this point-free 

framework, we present point-free proofs of 

the intermediate value theorem and 

Brouwer’s fixed-point theorem. These 

proofs emphasize the finitary aspects of 

these theorems more explicitly compared to 

traditional point-set approaches, which 

often rely on choice principles. 

H Jassim, Taha, Samer R Yaseen, and 

Luma S AbdualBaqi.[5] introduced several 

new types of intuitionistic closed sets, 

including intuitionistic regular generalized 

closed sets, intuitionistic generalized pre-

regular closed sets, intuitionistic weakly 

generalized closed sets, intuitionistic 

strongly generalized semi-closed sets, 

intuit ionistic weakly closed sets, 

intuitionistic semi-weakly generalized 

closed sets, intuitionistic pre-weakly 

generalized closed sets, intuitionistic 

regular-weakly generalized closed sets, 

intuitionistic regular w-closed sets, and 

intuitionistic regular generalized α-closed 

sets. They explored the relationships among 

these concepts.Using these notions, they 

defined a new class of mappings, such as 

intuitionistic generalized pre-regular closed 

maps, intuitionistic weakly generalized 

closed maps, intuitionistic strongly 

generalized semi-closed maps, intuitionistic 

weakly closed maps, intuitionistic semi-

weakly generalized closed maps, 

intuitionistic pre-weakly generalized closed 

maps, intuitionistic regular weakly 

generalized closed maps, and intuitionistic 

regular w-closed maps. Additionally, they 

introduced mappings such as strongly Irgα-

continuous maps, Irgα-irresolute maps, and 

Irgα-continuous maps. The paper 

investigates the characterizations and 

interrelationships among these types of sets 

and mappings. 

Brunner, Andreas Bernhard Michael, and 

Steffen Lewitzka. [6] have built their earlier 

work which focused on abstract logics, 

particularly intuitionistic abstract logics. 

Abstract logics can be naturally and directly 

endowed with a topology, enabling a 

topological study of classes of concrete 

logics when represented in abstract form. 

This approach offers a simpler alternative to 

the often intricate algebraic and lattice-

theoretic methods typically used to 

represent logics. Motivated by this 

perspective, they defined the category of 

intuitionistic abstract logics, with stable 

logic maps as morphisms, and the category 

of implicative spectral spaces, with spectral 

maps as morphisms. They demonstrated the 

equivalence of these categories and further 

establish that the broader categories of 

distributive abstract logics and distributive 

sober spaces are also equivalent. 

Abdullateef, Laaro,[7] has reported the 

notion of certain algebraic properties of the 

fundamental group in intuitionistic fuzzy 

topological spaces (IFTSs). They 

established necessary and sufficient 

conditions for the fundamental group of 

IFTSs to be abelian, for a subset of the 

fundamental group to qualify as a subgroup, 

for a subgroup to be normal, and for an 

element to belong to the center of the 

fundamental group. Additionally, they 

described the set of centralizers for an 

element within the fundamental group of 

IFTSs and examine the structure of the 

quotient fundamental group of IFTSs. 

Saadati, Reza, and Jin Han Park. [8]

introduced the concept of pre-compact sets 

in intuitionistic fuzzy metric spaces and 

establish that a subset of such a space is 

compact if and only if it is both pre-

compact and complete. They also defined 
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topologically complete intuitionistic fuzzy 

metrizable spaces and demonstrate that any 

 set in  a complete intuitionistic 

fuzzy metric space is a topologically 

complete intuitionistic fuzzy metrizable 

space, and vice versa. Finally, they defined 

intuitionistic fuzzy normed spaces and 

fuzzy boundedness for linear operators, 

proving that every finite-dimensional 

intuitionistic fuzzy normed space is 

complete. 

Zhou, Lei, Wei-Zhi Wu, and Wen-Xiu 

Zhang. [9] introduced the concepts of lower 

and upper approximations of intuitionistic 

fuzzy sets within an intuitionistic fuzzy 

approximation space. The properties of 

intuitionistic fuzzy approximation operators 

are analyzed, and the connections between 

i n t u i t i o n i s t i c  f u z z y  r o u g h  s e t 

approximations and intuitionistic fuzzy 

topologies are explored. It is shown that the 

collection of all lower approximation sets in 

an intuitionistic fuzzy reflexive and 

transitive approximation space constitutes 

an intuit ionis t ic fuzzy topology. 

Conversely, for an intuitionistic fuzzy 

rough topological space, there exists an 

intuitionistic fuzzy reflexive and transitive 

approximation space such that the topology 

of the intuitionistic fuzzy rough topological 

space corresponds precisely to the set of all 

lower approximation sets in the 

approximation space. Thus, a one-to-one 

correspondence exists between the set of all 

intuitionistic fuzzy reflexive and transitive 

approximation spaces and the set of all 

intuitionistic fuzzy rough topological 

spaces. Finally, intuitionistic fuzzy pseudo-

closure operators are studied within the 

context of intuitionistic fuzzy rough 

approximations. 

Wu, Wei-Zhi, and Lei Zhou. [10] have 

reported that Topologies and rough set 

theory played a significant role in the fields 

of machine learning and cybernetics. An 

intuitionistic fuzzy rough set, derived from 

the approximation of an intuitionistic fuzzy 

set with respect to an intuitionistic fuzzy 

approximation space, extends the concept of 

fuzzy rough sets. They further explored the 

theories and applications of intuitionistic 

fuzzy rough sets, this paper investigates 

their topological structures.  They 

demonstrated that an intuitionistic fuzzy 

rough approximation space induces an 

intuitionistic fuzzy topological space in 

Lowen's sense if and only if the 

intuitionistic fuzzy relation in the 

approximation space is reflexive and 

transitive. Additionally, they identified the 

necessary and sufficient conditions under 

which an intuitionistic fuzzy topological 

space can correspond to an intuitionistic 

fuzzy reflexive and transitive relation, 

ensuring that the resulting lower and upper 

intuitionistic fuzzy rough approximation 

operators correspond to the intuitionistic 

fuzzy interior and closure operators of the 

topology, respectively. 

Wu, Xinxing, et al. [11] The authors have 

shown that intuitionistic fuzzy values 

(IFVs) can be ordered linearly using either 

a score-accuracy function pair or a 

similarity-accuracy function pair, and both 

methods result in the same algebraic 

structure. They introduced a new negation 

operator for IFVs based on the score-

accuracy ordering and proved that this 

operator makes the space of IFVs a 

complete lattice and a Kleene algebra. 

Additionally, they investigated the 

topological properties of the space of IFVs 

under the order topology induced by these 

linear orderings, finding it to be compact, 

connected, but neither separable nor 

metrizable. These results provide partial 

solutions to open problems posed by 

Atanassov. Furthermore, the authors 

established an isomorphism between the 

spaces of IFVs and q-rung orthopair fuzzy 

values (q-ROFVs) under their respective 
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linear orderings. To do this, they extended 

the concept of similarity measures for 

intuitionistic fuzzy sets (IFSs) to admissible 

similarity measures with specific orders and 

developed a new admissible similarity 

measure based on score and accuracy 

functions. This measure was successfully 

applied to a pattern recognition problem 

involving building material classification 

Wu, Wei-Zhi, and Lei Zhou. [12] In this 

paper, they explored the topological 

structures of intuitionistic fuzzy rough sets. 

They demonstrated that an intuitionistic 

fuzzy rough approximation space can 

generate an intuitionistic fuzzy topological 

space if and only if the intuitionistic fuzzy 

relation within the approximation space is 

reflexive and transitive. They also 

examined the necessary and sufficient 

conditions under which an intuitionistic 

fuzzy interior (or closure) operator in an 

intuitionistic fuzzy topological space can be 

associated with an intuitionistic fuzzy 

reflexive and transitive relation, ensuring 

that the resulting intuitionistic fuzzy rough 

lower (or upper) approximation 

III. CIII. CIII. CONCLUSIONONCLUSIONONCLUSION   

The study collectively provides significant 

advancements in the understanding and 

application of intuitionistic topological and 

fuzzy spaces, offering a rich framework that 

bridges classical topology, fuzzy logic, and 

algebraic structures. Key contributions 

include the generalization of classical 

topological concepts to intuitionistic 

contexts, the exploration of properties and 

relationships of intuitionistic sets, and the 

characterization of intuitionistic fuzzy 

values and rough sets. These findings 

establish foundational principles for 

creating robust mathematical models that 

can be applied in diverse fields such as 

machine learning, pattern recognition, and 

cybernetics. The integration of topological 

and algebraic approaches into intuitionistic 

and fuzzy settings offers new perspectives 

and tools for addressing theoretical 

challenges and practical problems. 
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